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Abstract

One of the major developments of twentieth century physas lteen the
gradual recognition that a common feature of the known foretgal inter-
actions is their gauge structure. In this talk the earlydnjsbf gauge theory
is reviewed, emphasizing especially Weyl's seminal contions of 1918
and 1929.

1 Introduction

The organizers of this conference asked me to review thg bestory of gauge
theories. Because of space and time limitations | shall eotmate on Weyl's
seminal papers of 1918 and 1929. Important contribution&digk, Klein and
others, based on Kaluza's ve-dimensional uni cation atigt, will not be dis-
cussed. (For this | refer t6.[30] and 131].)

The history of gauge theories begins with GR, which can bardegl as a non-
Abelian gauge theory of a special type. To a large extent ther@auge theories
emerged in a slow and complicated process gradually fromT&Rir common
geometrical structure — best expressed in terms of corumectf ber bundles —
is now widely recognized.

It all began with H. Weyl[[2] who made in 1918 the rst attempteaxtend GR
in order to describe gravitation and electromagnetismiwighunifying geomet-
rical framework. This brilliant proposal contains the gerof all mathematical
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aspects of non-Abelian gauge theory. The word "gauge' (gernEich-') trans-
formation appeared for the rst time in this paper, but in dveryday meaning of
change of length or change of calibration.

Einstein admired Weyl's theory as “a coup of genius of the rate”, but
immediately realized that it was physically untenable. eAfa long discussion
Weyl nally admitted that his attempt was a failure as a plgsitheory. (For a
discussion of the intense Einstein-Weyl corresponderem Ref. [4].) It paved,
however, the way for the correct understanding of gaugeiswee. Weyl himself
reinterpreted in 1929 his original theory after the advdrguantum theory in a
grand paperl]5]. Weyl's reinterpretation of his earlier ggative proposal had
actually been suggested before by London [11]. Fock [158jK[35], and others
arrived at the principle of gauge invariance in the framawafrwave mechanics
along a completely different line. It was, however, Weyl wvdrophasized the role
of gauge invariance asanstructive principldrom which electromagnetism can
be derived. This point of view became very fruitful for ouepent understanding
of fundamental interactions. Waave described this more extensivelylinl[30].

These works underlie the diagram in Hijy. 1.

2 Weyl's Attempt to Unify Gravitation
and Electromagnetism

On the ® of March 1918 Weyl writes in a letter to Einsteiril([3], Vol. 8B
Doc.472): “These days | succeeded, as | believe, to deraaradity and grav-

itation from a common source ...". Einstein's prompt reactby postcard indi-

cates already a physical objection which he explained iaildgtortly afterwards.

Before we come to this we have to describe Weyl's theory 08191

2.1 Weyl's Generalization of Riemannian Geometry

Weyl's starting point was purely mathematical. He felt a@gruneasiness about
Riemannian geometry, as is clearly expressed by the fallpwentences early in
his paper:

But in Riemannian geometry described above there is cadain
a last element of geometry “at a distance” (ferngeometesdtle-
ment) — with no good reason, as far as | can see; it is due only to
the accidental development of Riemannian geometry fronlidean

1Soon after our joint paper appeared in print Lochlain O &aifaigh died suddenly, to the
great sorrow and surprise of his family and numerous friehd®uld like to dedicate this contri-
bution to the memory of Lochlain.



Figure 1: Key papers in the development of gauge theories.



geometry. The metric allows the two magnitudes of two vextoibe
compared, not only at the same point, but at any arbitraejhasated
points.A true in nitesimal geometry should, however, recognizlyon
a principle for transferring the magnitude of a vector to amitesi-
mally close poinand then, on transfer to an arbitrary distant point, the
integrability of the magnitude of a vector is no more to beestpd
that the integrability of its direction.

After these remarks Weyl turns to physical speculation amttioues as fol-
lows:

On the removal of this inconsistency there appears a gegmetr
that, surprisingly, when applied to the worlkplains not only the
gravitational phenomena but also the electricAtcording to the re-
sultant theory both spring from the same source, indtegeneral one
cannot separate gravitation and electromagnetism in a uaiman-
ner. In this theoryall physical quantities have a world geometrical
meaning; the action appears from the beginning as a pure mumb
It leads to an essentially unique universal law; it even akous to
understand in a certain sense why the world is four-dimeraio

In brief, Weyl's geometry can be described as follows (see edf. [8]). First,
the spacetime manifol¥ is equipped with a conformal structure, i.e., with a
class[g] of conformally equivalent Lorentz metrigs(and not a de nite metric
as in GR). This corresponds to the requirement that it shoolg be possible
to compare lengths at one and the same world point. Secorsdagsumed, as
in Riemannian geometry, that there is an af ne (linear) itmrsree connection
which de nes a covariant derivative, and respects the conformal structure. Dif-
ferentially this means that for any2 [g] the covariant derivative g should be
proportional tog:

rg= 2A g (rg = 2Ag), (1)

whereA = A dx is a differential 1-form.

Consider now a curve : [0;1]! M and a parallel-transported vector exi
along . If | is the length ofX , measured with a representatiy@ [g], we obtain
from () the following relation betwedi(p) for the initial pointp = (0) andl(q)
for the end poingj= (1):

Z
1(0) = exp A 1(p): (2)
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Figure 2: Path dependence of parallel displacement andgoanof length in
Weyl space.

Thus, the ratio of lengths ig andp (measured witlg 2 [g]) depends in general
on the connecting path (see Fig.2). The length is only independent af the
curl of A,

F=dA (F =@A @A) (3)

vanishes.
The compatibility requiremenfl(1) leads to the followingpeassion for the
Christoffel symbols in Weyl's geometry:

1
:ég (9. +49; g, )*+g (g A +g A g A) @4

The secondA-dependent term is a characteristic new piece in Weyl's ggom
which has to be added to the Christoffel symbols of Riemangeometry.

Until now we have chosen a xed, but arbitrary metric in thexfaymal class
[g]. This corresponds to a choice of calibration (or gauge).siRgso another
calibration with metriq, related tag by

g= € g; (5)

the potentiaA in (@) will also change t@\, say. Since the covariant derivative has
an absolute meaning, can easily be worked out: On the one hand we have by
de nition

rg= 2A g; (6)
and on the other hand we nd for the left side wilh (1)

rg=r(efg=2d g+erg=2d g 2A g (7)
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Thus
A=A d (A=A @ ): (8)

This shows that a change of calibration of the metric indactguge transfor-
mation” for A:
g! €g; Al A d: (9)

Only gauge classes have an absolute meaning. (The Weyl cormés, how-
ever, gauge-invariant. This is conceptually clear, butalaa be veri ed by direct
calculation from expression EQL(4).)

2.2 Electromagnetism and Gravitation

Turning to physics, Weyl assumes that his “purely in nitesi geometry” de-
scribes the structure of spacetime and consequently heesdhat physical laws
should satisfy a double-invariance: 1. They must be inwarath respect to ar-
bitrary smooth coordinate transformations. 2. They mugdeye invarianti.e.,
invariant with respect to substitutiorig (9) for an arbigramooth function .

Nothing is more natural to Weyl, than identifyidg with the vector potential
andF in eq. [3) with the eld strength of electromaggetism. In tiesence of
electromagnetic eldsg = 0) the scale factoexp( A) in [@) for length
transport becomes path independent (integrable) and anendaa gauge such
thatA vanishes for simply connected spacetime regions. In th@siapcase one
IS in the same situation as in GR.

Weyl proceeds to nd an action which is generally invariastveell as gauge
invariant and which would give the coupled eld equations frandA. We do
not want to enter into this, except for the following remalk.his rst paper [2]
Weyl proposes what we call nowadays the Yang-Mills action

Z

1
S@A= 5 Tr( A ) (10)
Here denotes the curvature form and its Hodge du&l. Note that the latter
is gauge invariant, i.e., independent of the choicg & [g]. In Weyl's geom-
etry the curvature form splits as= "+ F, where” is the metric piece[]8].
Correspondingly, the action also splits,

Tr¢ ~ )= Tr("™» 5+ F~ F (11)

The second term is just the Maxwell action. Weyl's theorystbantains formally
all aspects of a non-Abelian gauge theory.

°The inbegrand in [[M0) is in local coordinates indeed just tlepression
R R Tgdx® A :::~ dx® which is used by WeylR = the curvature tensor of
the Weyl connection).



Weyl emphasizes, of course, that the Einstein-Hilberoacis not gauge in-
variant. Later work by Pauli[9] and by Weyl himseli [1, 2] ledon to the conclu-
sion that the actior.{]10) could not be the correct one, anergtbssibilities were
investigated (see the later editions of Weyl's classictised1]).

Independent of the precise form of the action Weyl showsithais theory
gauge invariance implies theonservation of electric charg@ much the same
way as general coordinate invariance leads to the congamaitenergy and mo-
mentuni. This beautiful connection pleased him particularly: fit].seems to
me to be the strongest general argument in favour of the prédseory — inso-
far as it is permissible to talk of justi cation in the contexf pure speculation.”
The invariance principles imply ve "Bianchi type' identis. Correspondingly,
the ve conservation laws follow in two independent waysnrthe coupled eld
equations and may be “termed the eliminants” of the lattBesg structural con-
nections hold also in modern gauge theories.

2.3 Einstein's Objection and Reactions of Other Physicists

After this sketch of Weyl's theory we come to Einstein'ssiing counterargument
which he rst communicated to Weyl by postcard (see Fig. 3)e problem is that
if the idea of a nonintegrable length connection (scaleofdds correct, then the
behavior of clocks would depend on their history. Consider identical atomic
clocks in adjacent world points and bring them along différgorld trajectories
which meet again in adjacent world points. According[o {®it frequencies
would then generally differ. This is in clear contradictisith empirical evi-
dence, in particular with the existence of stable atomicspeEinstein therefore
concludes (se¢[3], Vol. 8B, Doc. 507):

... (if) one drops the connection of ths to the measurement of
distance and time, then relativity looses all its empirlzasis.

Nernst shared Einstein's objection and demanded on beliatieoBerlin
Academy that it should be printed in a short amendment to ¥/ayticle. Weyl
had to accept this. One of us has described the intense anaciinge subsequent
correspondence between Weyl and Einstein elsewhére [é]gls® Vol. 8B of
[3]). As an example, let us quote from one of the last letténd/eyl to Einstein
([3], Vol. 8B, Doc. 669):

This [insistence] irritates me of course, because expegidras
proven that one can rely on your intuition; so unconvincisg/aur
counterarguments seem to me, as | have to admit . ..

3We adopt here the somewhat naive interpretation of enemgyxantum conservation for gen-
erally invariant theories of the older literature.
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Figure 3: Postcard of Einstein to Weyl 15.4.1918 (ArchiveEDH).



By the way, you should not believe that | was driven to intrcelu
the linear differential form in addition to the quadraticeoly physi-
cal reasons. | wanted, just to the contrary, to get rid of thmethod-
ological inconsistencfinkonsequenzihich has been a bone of con-
tention to me already much earlier. And then, to my surpliseal-
ized that it looked as if it might explain electricity. Youagl your
hands above your head and shout: But physics is not made afyi$ w
(Weyl to Einstein 10.12.1918).

Weyl's reply to Einstein's criticism was, generally spead this: The real
behavior of measuring rods and clocks (atoms and atomiermsgstin arbitrary
electromagnetic and gravitational elds can be deduceg fmam a dynamical
theory of matter.

Not all leading physicists reacted negatively. Einsteamémitted a very pos-
itive rst reaction by Planck, and Sommerfeld wrote entlagsically to Weyl that
there was “.. . hardly doubt, that you are on the correct pathreot on the wrong

one.
In his encyclopedia article on relativity [10] Pauli gaveuaitl and precise pre-
sentation of Weyl's theory, but commented on Weyl's poinviefv very critically.

At the end he states:

...In summary one may say that Weyl's theory has not yet con-
tributed to getting closer to the solution of the problem citter.

Also Eddington's reaction was at rst very positive but heoacchanged his
mind and denied the physical relevance of Weyl's geometry.

The situation was later appropriately summarized by F. loonich his 1927
paper [11] as follows:

In the face of such elementary experimental evidence, ittmus
have been an unusually strong metaphysical convictiorptieented
Weyl from abandoning the idea that Nature would have to makef
the beautiful geometrical possibility that was offered. dtigck to his
conviction and evaded discussion of the above-mentionetfaudic-
tions through a rather unclear re-interpretation of thecep of “real
state”, which, however, robbed his theory of its immedidtggical
meaning and attraction.

In this remarkable paper, London suggested a reinterpyetat Weyl's principle
of gauge invariance within the new quantum mechanics: Tleafathe metric is
taken over by the wave function, and the rescaling of theimle#is to be replaced
by a phase change of the wave function.



In this context an astonishing early paper by Schroding2} las to be men-
tioned, which also used Weyl's “World Geometry” and is rethto Schrodinger's
later invention of wave mechanics. This relation was disces by V. Raman and
P. Forman [13]. (See also the discussion by C.N. Yang in)]14].

Even earlier than London, V. Fock [15] arrived along a cortedledifferent
line at the principle of gauge invariance in the frameworkvaffe mechanics. His
approach was similar to the one by O. Klein [35].

The contributions by Schrodinger [12], London [11] and EgL5] are com-
mented in [7], where also English translations of the oagpapers can be found.
Here, we concentrate on Weyl's seminal paper “Electron aravi@tion”.

3 Weyl's 1929 Classic: “Electron and Gravitation”

Shortly before his death late in 1955, Weyl wrote for 8electq16] a postscript
to his early attempt in 1918 to construct a "uni ed eld thgor There he ex-
pressed his deep attachment to the gauge idea and adds)(p.192

Later the quantum-theory introduced the Schrédingea®po-
tential  of the electron-positron eld; it carried with it an
experimentally-based principle of gauge-invariance Wigicaranteed
the conservation of charge, and connected thgth the electromag-
netic potential#\ in the same way that my speculative theory had
connected the gravitational potentigls with theA , and measured
theA in known atomic, rather than unknown cosmological units. |
have no doubt but that the correct context for the principlgange-
invariance is here and not, as | believed in 1918, in the tintemg
of electromagnetism and gravity.

This re-interpretation was developed by Weyl in one of theagpapers of
this century [5]. Weyl's classic does not only give a veryacléormulation of the
gauge principle, but contains, in addition, several othgoartant concepts and
results — in particular his two-component spinor theory.

The modern version of the gauge principle is already sp@ligdn the intro-
duction:

The Dirac eld-equations for together with the Maxwell equa-
tions for the four potentials, of the electromagnetic eld have an in-
variance property which is formally similar to the one whiatalled
gauge-invariance in my 1918 theory of gravitation and etenag-
netism; the equations remain invariant when one makes theltsi-
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neous substitutions

Q@

@R’

where is understood to be an arbitrary function of position in four
space. Here the factg}, where e is the charge of the electron,
c is the speed of light, an@ is the quantum of action, has been
absorbed ifh ,. The connection of this “gauge invariance” to the con-
servation of electric charge remains untouched. But a foreafdal
difference, which is important to obtain agreement witheslbation,

is that the exponent of the factor multiplyingis not real but pure
imaginary. now plays the role that Einsteinds played before. It
seems to me that this new principle of gauge-invariancechvfol-
lows not from speculation but from experiment, tells us thatelec-
tromagnetic eld is a necessary accompanying phenomenatom
gravitation, but of the material wave- eld represented by Since
gauge-invariance involves an arbitrary functiort has the character
of “general” relativity and can naturally only be undersida that
context.

by € and f, by f,

We shall soon enter into Weyl's justi cation which is, not rpasingly,
strongly associated with general relativity. Before this have to describe his
incorporation of the Dirac theory into GR which he achievathwhe help of the
tetrad formalism.

One of the reasons for adapting the Dirac theory of the spgelectron to
gravitation had to do with Einstein's recent uni ed theoriieh invoked a distant
parallelism with torsion. E.Wigner [17] and others had ceti a connection be-
tween this theory and the spin theory of the electron. Weaylrdit like this and
wanted to dispense with teleparallelism. In the introduttie says:

| prefer not to believe in distant parallelism for a numbered-
sons. First my mathematical intuition objects to accepsinch an ar-
ti cial geometry; | nd it dif cult to understand the force hat would
keep the local tetrads at different points and in rotatedtjoos in a
rigid relationship. There are, | believe, two important picgl rea-
sons as well. The loosening of the rigid relationship betwte
tetrads at different points converts the gauge-fagtomhich remains
arbitrary with respect to, from a constant to an arbitrary function of
space-time. In other words, only through the loosening itpelity
does the established gauge-invariance become underBtanda
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This thought is carried out in detail after Weyl has set upthiz-component
theory in special relativity, including a discussionpfandT invariance. He em-
phasizes thereby that the two-component theory excludasa limplementation
of parity and remarks: “It is only the fact that the left-righymmetry actually
appears in Nature that forces us to introduce a second paira@mponents.”
To Weyl the mass-problem is thus not relevant forthisdeed he says: “Mass,
however, is a gravitational effect; thus there is hope ofimtyda substitute in the
theory of gravitation that would produce the required ociroms.”

3.1 Tetrad Formalism

In order to incorporate his two-component spinors into GRyMvas forced to
make use of local tetrads (Vierbeine). In section 2 of hisgpdye develops the
tetrad formalism in a systematic manner. This was presumatiéependent work,
since he does not give any reference to other authors. It heagever, mainly
E. Cartan who demonstrated with his work [19] the usefulédscally de ned
orthonormal bases —also called moving frames— for the stfid®iemannian ge-
ometry.

In the tetrad formalism the metric is described by an arhjtkzasis of or-
thonormal vector eldde (x); =0;1;2;3g. If fe (x)gdenotes the dual basis
of 1-forms, the metric is given by

g= e(x) e(x); ( )=dag(l 1, 1, 1) (12)

Weyl emphasizes, of course, that only a class of such loratkgis determined by
the metric: the metric is not changed if the tetrad elds arbjsct to spacetime-
dependent Lorentz transformations:

e (x)! (x)e (x): (13)
With respect to a tetrad, the connection forins (! ) have values in the Lie
algebra of the homogeneous Lorentz group:
I +! =0: (14)

(Indices are raised and lowered with and |, respectively.) They are deter-
mined (in terms of the tetrad) by the rst structure equatidiCartan:

de +! "~e =0: (15)

4At the time it was thought by Weyl, and indeed by all physiigiat the 2-component theory
requires a zero mass. In 1957, after the discovery of paoibicanservation, it was found that the
2-component theory could be consistent with a nite mas M. Case, [18].
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(For a textbook derivation see, e.g., [20], especially §e2t6 and 8.5.) Under
local Lorentz transformations (13) the connection fornamsform in the same
way as the gauge potential of a non-Abelian gauge theory:

PO () M) d(x) H(x): (16)

The curvature forms = ( ) are obtained fromh in exactly the same way as
the Yang-Mills eld strength from the gauge potential:

= dl+ 1A (17)

(second structure equation).
For a vector eldV, with components/ relative tofe g, the covariant
derivativeDV is given by

DV =dV +! V. (18)

Weyl generalizes this in a unique manner to spinor elds

D =d +%! : (19)

Here,the  describe in nitesimal Lorentz transformations (in the megentation
of ). ForaDirac eld these are the familiar matrices

- 1 . .
=500 ) (20)

(For 2-component Weyl elds one has similar expressionsemmts of the Pauli
matrices.)

With these tools the action principle for the coupled Eimst@irac system can
be set up. In the massless case the Lagrangian is

1
L=——R
16 G

where the rst term is just the Einstein-Hilbert Lagrangiavhich is linear in ).
Weyl discusses, of course, immediately the consequenctsedbllowing two
symmetries:

() local Lorentz invariance,

(ii) general coordinate invariance.

D ; (21)
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3.2 The New Form of the Gauge-Principle

All this is a kind of a preparation for the nal section of Wé&ypaper, which has
the title “electric eld”. Weyl says:

We come now to the critical part of the theory. In my opinion
the origin and necessity for the electromagnetic eld isha follow-
ing. The components, , are, in fact, not uniquely determined by
the tetrad but only to the extent that they can still be mliétghby
an arbitrary “gauge-facto . The transformation of the induced
by a rotation of the tetrad is determined only up to such afadh
special relativity one must regard this gauge-factor asrestamt be-
cause here we have only a single point-independent tetratisa\in
general relativity; every point has its own tetrad and heteewn
arbitrary gauge-factor; because by the removal of the rigighec-
tion between tetrads at different points the gauge-facémessarily
becomes an arbitrary function of position.

In this manner Weyl arrives at the gauge-principle in its eradform and
emphasizes: “From the arbitrariness of the gauge-factordppears the necessity
of introducing the electromagnetic potential.” The rstried in (19) has now
to be replaced by the covariant gauge derivatt/e ieA) and the nonintegrable
scale factor (1) of the old theory is now replaced by a phasterfa

Z Z

exp Al ep 1 A ;

which corresponds to the replacement of the original gaugepR by the com-
pact groupU(1). Accordingly, the original Gedankenexperiment of Einstei
translates now to the Aharonov-Bohm effect, as was rst feadrout by C.N. Yang
in [21]. The close connection between gauge invariance am$ervation of
charge is again uncovered. The current conservation fell@s in the original
theory, in two independent ways: On the one hand it is a careseg of the eld
equations for matter plus gauge invariance, at the same tioveever, also of the
eld equations for the electromagnetic eld plus gauge ingace. This corre-
sponds to an identity in the coupled system of eld equatiehgch has to exist
as a result of gauge invariance. All this is nowadays famitiatudents of physics
and does not need to be explained in more detalil.

Much of Weyl's paper penetrated also into his classic book€Theory of
Groups and Quantum Mechanics” [22]. There he mentions héstransformation
of his early gauge-theoretic ideas: “This principle of gaugvariance is quite
analogous to that previously set up by the author, on speéeeigrounds, in order
to arrive at a uni ed theory of gravitation and electricitgut | now believe that

14



this gauge invariance does not tie together electricity gnagtitation, but rather
electricity and matter.”

When Pauli saw the full version of Weyl's paper he became rfraeadly and
wrote [23]:

In contrast to the nasty things | said, the essential partyofast
letter has since been overtaken, particularly by your papet. f.
Physik. For this reason | have afterward even regretted thiaite to
you. After studying your paper | believe that | have reallglarstood
what you wanted to do (this was not the case in respect of tife li
note in the Proc.Nat.Acad.). First let me emphasize that sfdhe
matter concerning which | am in full agreement with you: ymaor-
poration of spinor theory into gravitational theory. | antéssatis ed
as you are with distant parallelism and your proposal tchetétrads
rotate independently at different space-points is a trligiso.

In brackets Pauli adds:

Here | must admit your ability in Physics. Your earlier theor
with g} = g was pure mathematics and unphysical. Einstein was
justi ed in criticizing and scolding. Now the hour of yourvenge
has arrived.

Then he remarks in connection with the mass-problem:

Your method is valid even for the massi@rac] case. | thereby
come to the other side of the matter, namely the unsolved alif
ties of the Dirac theory (two signs ofiy) and the question of the 2-
component theory. In my opinion these problems will not bieest
by gravitation ...the gravitational effects will always baich too
small.

Many years later, Weyl summarized this early tortuous nysté gauge theory
in an instructive letter [24] to the Swiss writer and Einstbiographer C.Seelig,
which we reproduce in an English translation.

The rst attempt to develop a uni ed eld theory of gravitatn
and electromagnetism dates to my rst attempt in 1918, inchHi
added the principle of gauge-invariance to that of cootgimavari-
ance. | myself have long since abandoned this theory in fagbu
its correct interpretation: gauge-invariance as a priecipat con-
nects electromagnetism not with gravitation but with thevevaeld
of the electron. —Einstein was againsftite original theory]from
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the beginning, and this led to many discussions. | thoudtttitbould
answer his concrete objections. In the end he said “Well, I\Wely
us leave it at that! In such a speculative manner, withoutgng-
ing physical principle, one cannot make Physics.” Today cmdd
say that in this respect we have exchanged our points of vign+
stein believes that in this eldGravitation and Electromagnetism]
the gap between ideas and experience is so wide that onlathep
mathematical speculation, whose consequences must, ofe;dae
developed and confronted with experiment, has a chancecogésas.
Meanwhile my own con dence in pure speculation has dimiaih
and | see a need for a closer connection with quantum-phgsics
periments, since in my opinion it is not suf cient to unify égftro-
magnetism and Gravity. The wave- elds of the electron andteher
other irreducible elementary particles may appear must lasin-
cluded.

Independently of Weyl, V. Fock [25] also incorporated thedoi
equation into GR by using the same method. On the other hand,
H. Tetrode [26], E. Schrodinger [27] and V. Bargmann [2&ateed
this goal by starting with space-time dependembatrices, satisfying
f ; g=2g .Asomewhatlater work by L. Infeld and B.L. van
der Waerden [29] is based on spinor analysis.

4 Concluding Remarks

Gauge invariance became a serious problem when HeisenteReali began to
work on a relativistically invariant QED that eventuallystdted in two important
papers “On the Quantum Dynamics of Wave Fields” [32], [33}afghtforward
application of the canonical formalism led, already for thee electromagnetic
eld, to nonsensical results. Jordan and Pauli on the otla&dh proceeded to
show how to quantize the theory of tifree eld case by dealing only with the
eld strengthsF (x). For these they found commutation relations at different
space-time points in terms of the now famous invariant Jo#elauli distribution
that are manifestly Lorentz invariant.

The dif culties concerned with applying the canonical falsm to the elec-
tromagnetic eld continued to plague Heisenberg and Pawluite some time.
By mid-1928 both were very pessimistic, and Heisenberg mégavork on fer-
romagnetisri In fall of 1928 Heisenberg discovered a way to bypass the dif

SPauli turned to literature. In a letter of 18 February 192%vhete from Ziirich to Oskar Klein:
“For my proper amusement | then made a short sketch of a utommeel which was supposed to
have the title "Gulivers journey to Urania' and was intendsda political satire in the style of
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culties. He added the term 3" (@A )2 to the Lagrangian, in which case the
component o of the canonical momenta

_ oL

= @A
does no more vanish identically{= "@A ). The standard canonical quanti-
zation scheme can then be applied. At the end of all calculatone could then
take the limit" ! 0.

In their second paper, Heisenberg and Pauli stressed thhbtlentz condition
cannot be imposed as an operator identity but only as a suepl&ry condition
selecting admissible states. This discussion was stronglgnced by a paper of
Fermi from May 1929.

For this and the further main developments during the eantod of quantum
eld theory, we refer to chapter 1 of [34].

As in Weyl's work GR also played a crucial role in Pauli's disery of non-
Abelian gauge theories. (See Pauli's letters to Pais ang Waxol. 4 of [6]). He
arrived at all basic equations through dimensional reduaatf a generalization of
Kaluza-Klein theory, in which the internal space becomes@sphere. (For a
description in modern language, see [30]).

In contrast, in the work of Yang and Mills GR played no roleaminterview
Yang said on this in 1991

“It happened that one semester [around 1970] | was teaching GR
and | noticed that the formula in gauge theory for the eldestgth
and the formula in Riemannian geometry for the Riemann tesrgo
not just similar — they are, in fact, the same if one makes itjet r
identi cation of symbols! It is hard to describe the thrillfelt at
understanding this poirit.

The developments after 1958 consisted in the gradual rémgyrthat—
contrary to phenomenological appearances—Yang-Millgggaheory could de-
scribe weak and strong interactions. This important stepaggain very dif cult,
with many hurdles to overcome.
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